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ABSTRACT

This article contains two surveys: (A) A historical survey of the early literature
of 1920-1950 in Polynomial Identities which follows the roots and sources of
PI-rings. (B) A survey of the methods of constructing identities for matrix rings,
since the identity of Wagner until the central identities of Formanek and Raz-
myslov and the rational identity of Bergman.

A. Early History
1. Introduction

A Pl-ring is a ring satisfying a polynomial identity p[x;,x,, ---,x,] =0 for
all substitutions of the indeterminates x,’s by elements of R. It is commonly
thought that the theory of PI-rings is a new chapter in the theory of associative
rings and usually the survey of results on'PI-rings starts with Kaplansky’s paper
[12] of 1948. This is absolutely wrong and the first paper in this area, known
to the author, was written as early as 1922 by Dehn [1]. The modern approach
was founded by Kaplansky in 1948, based upon two forerunners, namely the
methods introduced by Jacobson [7] and Levitzki [9]. The first period in PI-ring
theory are the years 1922-1948; the second period lasted until recently when the
new central identities were founded by Formanek and Razmyslov ([25], [26])
and a new powerful tool was introduced into PIl-theory, and the theory took a
new turn. In this survey, we go through the first period.

Comparing the roots and the early problems of PI-rings with its recent achieve-
ments in solving old problems on division rings, one observes that these solutions
could be obtained only after ring theory passed its various stages of generali-
zations: from division rings to zero divisors, from artinian rings to no restrictions
on chain conditions and to various radicals. It is only at the last stages of the gen-
eralizations where the tools were made available to be used in connection with
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Pl-rings and the old problems could be solved. Part of this process is recorded
here. The references at the end of this paper are listed chronologically for easy
follow-up. The list may not be complete, as no serious attempt has been made
to check all early literature. The list is restricted only to papers dealing with poly-
nomial relations in associative rings and not in other algebraic structures (Birk-
hoff), groups (Neuman), etc.

There are three main old roots to the theory of polynomial identities, and two
minor supporters. Lisicd in sequence of importance, as well as their historical
appearance, these are: the foundation of projective geometry, theory of equations,
commutativity of rings; and the two minor supporters are: the Lie structure of
rings and the relatively recent;and less important contribution obtained by gener-
alizing Boolean algebras to rings satisfying the relations px = 0, xX’—x =0
(Foster).

2. Foundation of projective geometry

One can recognize the seeds of Pl-rings in the von-Staudt method of the last
century of introducing homogeneous coordinates from a division ring in a pro-
jective plane, and later in Hilbert’s example of a Desarguian geometry with the
order axioms but for which the Pappus theorem fails. Hilbert’s famous example
was obtained by translating the problem from geometry into algebra, to the
coordinate division ring and there it is solved by constructing an ordered division
which is non-commutative. This led to Dehn’s paper [1]. He was looking for
intersection theorems in Desarguian and non-Pappian geometries.

The three main theorems in (linear) projective geometry are the complete
quadrilateral theorem, the Desargue theorem, and the Pappus theorem. Dehn’s
attention was drawn to the gap between the Desargue theorem and the Pappus
theorem.t Note that the presence of the Desargue theorem in geometry enables
the introduction of homogeneous coordinates from a division ring D, hence
any additional intersection theorem is equivalent to a (rational) identity for D
e.g., the Pappus theorem is equivalent to the commutative law x,x, — x,x, = 0.
Dehn proved in [1] that any theorem leading to a polynomial relation

¥ o, x{x,x} = 0 (in characteristic zero) in D implies commutativity and that
means that the Pappus theorem holds in this geometry. He also proved that the

¥ The gap between the complete quadilateral theorem and the Desargue theorem was
dealt with years later by R. Moufang and her school.
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same result holds for ordered Desarguian geometry (which is equivalent to the
fact that D is ordered) with a theorem equivalent to a relation p[x;,x,] = 0
which is of degree < 3 in x, and of degree < 2 in x,, i.e.,, D is commutative.
Dehn’s paper of 1922 is the first paper known to the author in polynomial iden-

tities in associative rings.
Though not stated explicitly, it seems that Dehn had the intention of showing

that ordered Desarguian geometry satisfies the Pappus theorem in the presence
of any other intersection theorem which does not follow from the Desargue
theorem —a result which was proved many years later ([22] 1966). The partial
result of Dehn led to the next paper in PI, which is Wagner’s paper [4] in 1936.
It took fourteen years until the first paper, which has all the flavors of a modern
paper in polynomial identities, appeared. Wagner’s starting point was again
the foundation of projective geometry-—the gap between the Desargue and
the Pappus theorems, but very quickly he passed to pure algebra. In fact, he
proved the first theorem in PI-rings: ““An ordered ring which satisfies a poly-
nomial identity is commutative’’ which extended the result of Dehn. Years
later, Albert gave a very short structural proof to this theorem. Wagner’s paper
contained other pioneering results: the identity [[x;,x,]2x3] = O for M,(F)
where [x,,x,] = Xx;x, — x,x; and the first polynomial identity for M,(F), which
will be quoted and reproved in the next part of this article. Also, the method of
using generic matrices, which was rediscovered years later and became an im-
portant tool in PI-rings, appeared already in Wagner’s paper [4].

Next in the line of PI-results rooted in geometry is M. Hall’s paper [5] in 1943.
The long time gap between the three papers mentioned, we attribute to the lack
of general abstract theory of rings at that time. The paper by Hall, dealt mainly
with geometry but among the many results there were a few which were the
heralds of modern Pl-theory. First, it was shown that a non-commutative di-
vision ring satisfying the identity [[x;,x,]% x5] = O is a generalized quaternion,
namely of dimension 4 over its center; and second, Hall raises the question whether
a division ring satisfying the relation x”" — x = 0 is necessarily commutative.
Both appeared in trying to determine Desarguian geometries which satisfy con-
figuration theorems generated by 5 and 6 points. The second problem was con-
nected also with the Burnside problem for finitely generated periodic groups,
and of course with Wedderburn’s theorem for finite division rings. Both the
theorem of Hall and the question raised were important steps in the theory of
polynomial identities.
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3. Rise of Pl-rings

Through the early years of the forties, following the structure theorems for
artinian rings, algebraists have been looking for a general theory of rings inde-
pendent of chain conditions. General nil rings and algebraic algebras became
one of the main topics of associative rings. Jacobson’s structure theory for as-
sociative rings with no chain conditions provided the right tools, and in fact he
succeeded in [7] to solve Hall’s problem and to show that a ring satisfying an
identity x" — x = 0 (and the general case, n = n(x)) is commutative, without
referring to the Burnside conjecture, and thus gave the right extension to Wedder-
burn’s theorem.

Another push to the PI-theory was given undoubtedly by the famous Kurosh
problem [6]: “‘Are algebraic algebras locally finite?”’, and especially in its form
raised independently by Levitzki: “‘Are nil rings locally nilpotent?”’ In [7] al-
gebraic algebras of bounded degree were shown to have this property. Both the
Kurosh and Levitzki problems, which still have no complete solution, were an
incentive on the road of PI-rings. It was Kaplansky [8] who was first to prove
that a nil algebra of bounded index; i.e., satisfying x" = 0, over a field contain-
ing at least n elements is locally nilpotent. Kaplansky’s proof was obtained by
by an inductive combinatorial approach; about the same time Levitzki [9] gave
a structural proof of this result for general rings: namely, rings satisfying x"=0
are locally nilpotent. The paper of Hall [5], the methods developed by Jacobson
[7] and Levitzki in [9] were the parents of Kaplansky’s famous paper [12] from
which modern PI-theory has started.

In addition to proving that many rings, like algebraic algebras of bounded
degree satisfy polynomial identities, Kaplansky provesin [12] the first basic
structure theorems for PI-rings. Namely, (1) Primitive PI-rings are central simple
algebras of finite dimension, and (2) Nil Pl-rings are locally nilpotent. This was
followed by Levitzki [16] and Kaplansky [15] in which Levitzki proved that the
nil radical of a PI-ring is its lower radical and in fact can be obtained by a finite
sequence of nilpotent radicals, and Kaplansky gave the (first proof) positive solu-
tion of the Kurosh problems for Pl-algebras. This was the road of PI-theory
which started from the foundation for projective geometry. But there were other
roots which led to different aspects of Pl-rings, and to them we pass
Nnow.
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4. Rank of commutativity (Roc)

Another source of PI-theory was the attempt of generalizing the commutative
law: F. W. Levi pointed out in [10] (1947) that the commutative law x,x, —Xx,%,
= 0 has a natural generalization in the determinant identities: S,[x,, -, x,] =
Y £ x;,%, %, = 0., where the sum ranges over all permutations with the
plus sign for even permutations and the minus sign for odd permutations. These
are known as the standard identities (or polynomials). A ring R was said to have
rank of commutativity (Roc) < n if it satisfies S,[X], and Levi, who introduced
this notion, proved that Roc[M,(F)] < n* — 1. Independently, Kolchin had
drawn to the attention of Kaplansky (see footnote in [14]) that the minimal r,
such that S, [X] =0 hold in M,(F) is bounded by 2n < r, < n*+ 1. This
immediately raised the conjecture that r, = 2n, and indeed that was proved in
[17]. This led also to the study of the sets of all identities satisfied by a given ring,
e.g., by M,(F), a study which is, even today, far from any concrete results. A
first attempt in this direction was done by Specht [18] in 1950, where identities
of a general algebra were shown to constitute a T-ideal (invariant under all endo-
morphisms) in the free ring. Specht who introduced the notion of the T-ideal
has tried to get a form of the bases of these ideals by higher commutators, when
the algebras considered contain a unit element. The contribution of the Roc
to the PI-theory was rather to the set of identities of a given ring, whereas the
foundation of geometry contributed to the direction of structure theorems for
PI-rings.

5. Theory of equations

A third source for Pl-ring, of a very different nature can be found in a paper
by A. R. Richardson [2] of 1928, and whose problems were later taken up by
D. E. Littlewood [3] in 1931. Their point of view led to the notion of generalized
polynomial identities, which surprisingly became an important tool in handling
rational relations ([22]). The theory of equations is, in one form or another, the
study of the roots of a polynomial equation p[X]=0 whose coefficient lies in a
commutative field. Any generalization of a non-commutative division ring is faced
with the complication of defining non-commutative polynomials which take the
form Xa,x"a,," - x"a,, = p[x].

Richardson in [2] was the first to show that for noncommutative division rings
one is led to the same situation as in finite fields ; namely, that for some polynomials,
[x] may vanish identically in the division ring and yet under any reasonable
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formal definition p[x] is a non-zero polynomial, €.g., the quaternions satisfy the
polynomial relation (x2i) + (xj)* + (xk)* — (ix)*> —(jx)*> — (kx)> = 0 and other
types of similar relation. The matrix ring M,(F) over a commutative field will
satisfy ¢, Xc,XC,y = CpXCugXC,, = 0, where c; are the unit matrix units. The
number of such independent relations is (3)n*(n*—1) and it was shown by D. E.
Littlewood [3] that they form a set of generators of the vanishing polynomials
for M,{F). A modern version of this result has been obtained by Procesi [24].
It was long after PI-theory was well established, that this direction was taken
up and it actually led in [22] to obtain an almost complete solution of the very
old project of Dehn of determining the intersection theorems between the Desargue
and Pappus theorem. These theorems can be described by conditions on the
characteristic and rank of commutativity (equivalently: finite dimension over the
center).

6. Lie algebras and Boolean algebras

There were two other places where PI have been mentioned, but they had
really very little effect on Pl-theory. The recent one which is less important from
the point of view of PI-rings, was Foster’s extension of the notion of a Boolean
algebra to rings with the relations px = 0, x*—x = 0. The ideas in this case were
mainly towards applications in logic. A more important contribution to Pl-ring
was made by Jennings [11] in 1947, who, with no intention of studying poly-
nomial identities, tried to determine the structure of rings with conditions imposed
on the Lie algebra structure of the ring. For example, if the Lie structure of R
s nilpotent, he proved that the ideal generated by the commutators is nil, and
in fact locally nilpotent, and that the ideal generated by the third order commu-
tators [[x, y]z] forms a nilpotent ideal. These are actually structure theorems for
rings satisfying the higher commutator identity [[--- [x,,x,], x3+--], x,]=0. But
as stated above, these results had no effect on the advancement of PI-rings, though
the problem of commutator-nil ideal has been dealt with by various authors.

Summarizing, we see that although PI-rings are relatively old in modern mathe-
matics, it is only abstractions and generalizations which provided the tools for
handling them, and in turn PI-rings became powerful tools in solving old problems.

B. Identities of matrix rings

1. Introduction

One of the old problems in Pl-rings is to determine the set of all identities of
the matrix ring M,(F), or at least to find a set of generators of these relations.
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In this part we survey the known identities and the methods of obtaining new
identities for M,(F).

Let F[xy, X3, %,,---]=F[x] be the free ring generated by a countable
number of indeterminates x,’s, and ., = .#,(F) be the set of all polynomials
p[x] = p[x1, -+, xn] € F[x] such that p[x] =0 is a polynomial identity for
M,(F). 1t is readily seen that #, > A, > --- > #,, and each .#, is a two-sided
T-ideal in F[x], in the sense that if p[xy, -, X,,] € #, then p[g,[x], -+, gn[x]] € A,
for all g,[x] € F[x] . Thus, together with an identity p[x] = O we get new identities
of the forms: X f[x]p[x]g[x] = 0, pl[gi[x], -, gm[x]] = 0. Furthermore, if
F is an infinite field then .#, is homogeneous; that is if p[x] € .4, then the homo-
geneous components of p[x] also belong to .#,. Another point to notice is that
F[x]/#,is isomorphic with the ring F[X]=F[X,, -+, X,, ---] generated by generic
matrices X, = (&,) of order nx m ([23]), and therefore any relation in F[X] can
be translated to a polynomial in #,. F[X] is an Ore domain whose ring of
quotients is a central simple algebra of dimension n? over its center. Discovering
relations among the elements of F{X] and of central elements in this ring of
quotient will yield identities in M,(F). In particular, such will be the new central
polynomials ([25], [26]).

2. Algebraicity and standard polynomials

The main tool for obtaining polynomial identities for M,(F) is the use of the
properties of the standard polynomial S,[xy,---,x,] = X + X, X, o %, de-
scribed in part A. The use of properties of M,(F), like bounded algebraicity
(Cayley-Hamilton theorem), or its dimension over F, or the properties of the
matrix units {c,,}-together with the properties of S,[x] will yield most of the iden-
tities. The properties of S,[x] are similar to the determinant; namely, it is homo-
geneous, multilinear, and alternative and therefore vanishes if all x;’s are sub-
stituted by linear dependent elements.

The following is probably the first known identity for M, (F). It was discovered

in 1936 by Wagner [4]; a simplified proof will be given here:
) Su[xD},xDy, -+, xD;™] = 0 where 2m > n(n—1),
xD, = [x,y] = xy—yx and xD}*'=(xD})D, .
Indeed, let Y be a generic matrix and consider the linear transformation adY

defined by x(adY) = xY—Yx on the algebra of all nxn matrices over a large
extension K of the field F. Identify M,(K) with a tensor product ¥ ® V of two
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n-dim vector spaces over K, and identify the matrix units ¢, with v; ® v, for a
fixed base {v;} of V. Then the matrix corresponding to adY will be I® Y- Y® 1
in M,.(K). By diagonalizing Y, we get from the equality PYP-! = diag(y,, -,
Yj»++, ¥) — the relation (POP)(1R@Y-Y®(P® P)-! = diag(y; —y;). The
minimal polynomial of this diagonal matrix, and hence also of IQ Y- Y® 1,
is the polynomial

ol = AT1 D= (im0 = A T [P =(im 3P = AP D4 05 gy

i#j
) +d (,5)] .
Note that
do =[1Gi—y) =19

)
the discriminant of the characteristic polynomial of Y. In particular, this implies
that for any two matrices X, Y we have the linear dependence

(2)+1

Y dX(@n)*=0,

v=1
and so the elements xDZ,---,xD}” for v > (;) (xD, = x(adY)) are always linears

dependent and hence (1) follows from the properties of S,[x].

The preceding proof shows that we can replace in (1) the even powers Dfi

n
2

The identity (1) was obtained using the property that M,(F) is an algebraic
algebra of degree n, which is a consequence of the Cayley Hamilton theorem.
Other identities can be obtained using the same property. One of these is the
second known identity for M,(F) which holds for all algebraic algebras of degree
< n, which was discovered by Kaplansky [12]:

by odd powers D2 *! 0 < i < ( ) and we will get a new identity for M,(F).

Define the following polynomials inductively:
Co(%1,9) = %1y~=%1y = [%1,¥]  Cos1(X1s s Xns Xns 13 Y)
= [Cix1s s Xnm 15 %0413 1) Col(X 15+, X 1%n3 )]
Then in M,(F), as well as in any algebraic algebra of degree < n.
@) Cx,x%, -, x"y) = 0.

The proof of this relation is as follows: Let x € M,(F) then it satisfies a poly-
nomial X72_o,ax" =0, a, = 1. Forming the commutator with y we get the
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relation X 7_,a,C,(x",y) = 0. Repeating this process, that is commuting with
Ci(x,y) we get X"_,a,Co(x"y) = 0. Continuing, we finally get a,C,(x,x?, -+,
x"; y) = 0 which proves (2) since a, = 1.

In [21], the algebraicity of M,(F) was used to obtain another identity of M,(F):
©) Sn1[y, ¥y, X%y, -+, x"y] = 0

Indeed, the relation X "_,x,x" = O implies the linear dependence X .o a,x"y
= 0, and hence the properties of S, , imply (3). Note also that all the monomials
of (3) end in y, and since F[x]/.#,is a domain, we can cancel the common factor
y, ie., M(F) will satisfy S, [y, - x"y]y"' = Z +x"yx"'y-- yx’?, where
(g -+, v,) Tanges over all permutation of (0,1,2,---,n). Multiplying the relation
Y a,x’ = 0 on the left does not yield a new interesting identity since

Swe1[Vs Y%, 5, 9] = ySpaa[y, xy, oo, x ]yt
Another identity, based on the same principle is obtained by noting that the
trace of a matrix [x, y] in M,(F) is zero; hence it satisfies the polynomial relation
[x, 1" + co[x, ]2 + - + ¢,=0, and thus the following identities will hold
in M(F), for every x,y,z:
(3a) S,[z, [x.yz, - eyl =2z, [xy]""1z]z= " = 0
(3b) Coet(Dy], [, y1% o, [0y % [0 3] 2) = 0
3. Standard polynomials and dimension; minimal identities
Next we turn to the use of the standard polynomials and the polynomials C,
together with the fact that [M,(F): F] = n*:
For any n®+ 1 matrices X;,-**,X,2,X,24+; We have a linear dependence
T2t gx, = 0 (say a; # 0). Hence, following the same procedure as in proving
(2) and (3) we will get the identity in M,.
@ Coa(X15 X2, 4, Xp2s Xp241) = 0, Sp2y1[X1, X2, Xp244] = 0
The second identity was first noted by Levi [10], and in [13] he proved that
M,(F) satisfies S,2_4[x] = 0. The conjecture that the minimal r such that
S,[x] = 0 holds in M,(F) is 2n was proved in [17] by Amitsur-Levitzki. In fact
it was shown that
(5) Sp[*1,++*%24] = 0 is the unique minimal multilinear identity of M,(F).
Any multilinear identity of M,(F) is a linear combination of polynomials
Son[*is s X1, ] - The result is still true, even if the multilinearity assumption is
dropped, with the exception of two cases for M,(F): n = 1,2 and F = GF[2]
1s the finite field of two element [20]. The linear base of the minimal identities
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for the field GF[2] will be the polynomials x;x; + x;x; and x? 4 x;, and for
M,(GF(2)) will be the polynomial

(52) xy*+ yxy? + yixy+ yix +xy? +yix
and all its linearizations, which include S,[x]; they and all the substitutions by
different x,’s in them constitute the base.

4. Central elements in the ring of quotient F[x]

A different method for obtaining identities, still using the properties of S,[x],
was given in [21]. This method depends on identifying central elements in the
quotient ring of the ring of generic matrices. Namely, if p[x]g[x]~' =cis a
central element, then M,(F) will satisfy the identity (C) p[x]zg[x]—q[x]Jzp[x] =0
for every substitution of the x’s and z. The method we use to identify the elements
c in the center is again obtained by using the properties of the standard poly-
nomial in the following way:

Consider n + 1 powers of x: x",x"", <<+, x" ; o, vy, ***,¥,. Since x is algebraic
of degree n (in the ring of generic matrices), there is a linear combination:
x4 ¢y X" oo + cpx"°=0, with ¢; belonging to the center of the quotient ring

and those we can obtain as follows: Consider the polynomials S,[x"y, x"'y,-+-, x"* y.
7\

--,x"" ] where x"'y means that this term is omitted. Since x"y = X [Zgcx™y

w: et, by substituting this relation in the left hand side, that
AN

(62) S, [%° Y, X1y, o0y X"y, o0, x"p] — ¢ Sp[x"p, %"y, -+, x™ " y] = 0.
From which we obtain by (C) the identity of M,(F):
N

(6) g,éx“y, ""xwy; ._.’xvny]zsn[xvoy’ "'axv"-')’] _Sn[x v°y, "ty xv"—ly]zsn[xyvo’ ’

...’x‘”y, e X" y] =0

fori = 0,---,n—1. Furthermore, it is well known that the coefficients ¢, are sym-
metric polynomials in the characteristic roots of the polynomial of x. The basic
symmetric functions in the roots can be obtained from (6) by taking
{¥0, V1, s Va} = {0,1,2,%+,n}, since then the coefficients c; are the coefficients
of the characteristic polynomial and hence the symmetric functions in the roots.

So let these functions be S,_, = P,0"', where Q = S,[y,xy, -, x""!
Ay

y] and
+ Q, = S,[y,xy, -+, x'y, -+, x"y]. Thus, for some polynomial f; we have the c,
of (63) C; =fi[slas7,,“'ss3] . Let égf[lyé’ é(;la “tty 6715(;.1] = f[éo;én '")én] be

the corresponding homogeneous polynomial in commutative indeterminates &;
then noting that Q commutes with the P; we get from (6) the relation:
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(6b) Qmsn[xvoy’ ""xv‘y’ "':xv:y] _—f[Q!Pl’Pz"“’ P,,]S,,[x voy’ feX '"-‘y]‘:O'

Incidently, our method shows how to give explicitly the symmetric functions
of the characteristic roots of a generic X as quotient of two polynomials in two
generic matrices, X, Y.

5. Generalized standard polynomials

We can repeat the procedure of the proceeding sections with the aid of any
polynomial which has the same properties as the standard polynomial; namely
homogeneous, multilinear, and vanishes of the set of x’s are linearly dependent.
Such polynomials are the following:

T::[xls 5 Xny Y15 V250 yn-'l] = z (Sgo')xq(l)hxa(z)Yz R yn—Zxa-(n—l)yn—-lxa(n)
where the sum ranges over all the permutations ¢ of (1,2, ---, n). These polynomials
are obtained from S, by interchanging the multiplication sign between the x’s
by a fixed sequence yy, -+, y,~; of new indeterminates. It is not difficult to show

that T,(x;y) as a function of x’s has the same properties as the standard poly-
nomial. Thus we can get as in (3) and (4) that M,(F) will satisfy the identities:

(73.) T;l+1[1’x’ T xn; Y o yn—l] =0
(7b) T;nz+1[x1’x29"'sxn2+1;yl)"'!ynz] = 0.
By using the algebraicity and the dimension of M,(F) over F, one can also get

similar relations to (3a), (6a), (6), and (6b) by replacing S, by T,. Moreover
since we will also have:

AN

T;'[xvo’ x“’ "”xv‘s "t xv,.; Vi, yn—l] - ciT:l[x vgx v:.__’xv,. -l;ym ) yn—l] =0
for the same c; we get the following complicated identities for matrices y, x, y,, 2,

AN
(70) Sn[xvoy’ ttty xv‘y9 "ty xv"}’] n[xvos xv‘, ey X

i, j=1,2,-,n—1:
I; Vi ""yn—l] -
VAN

- Sn[xvoy"",xv"-iy] T;l[x/vi:.,xv"".’xvn; Y1 ""yn—l] =0

vi

(7d) ’I;l[xvo’ '..’/x‘v\n-l;yl’ .“’yn—l] T;l[xvo’ X X

Va.
%21 ”"zn—l]

v Vn. Vi v Yn-1,
— T;l[xvo,...’x "...,x " yl,...’yn_i] T;l[x o,-..,x "...,x "zl,...’ zn—l] =(

6. Central identities
In the early days of Pl-rings Kaplansky raised the question of the existence
of central identities for M,(F), that is polynomials p[x] = p[xy,---,x,] such



194 S. A. AMITSUR Israel J. Math.,

that p[x] % 0 im M,(F) and for every substitution of matrices of M,(F), p[x]
attains only scalar values, i.e., M,(F) satisfies the identity [p[x], z]=0. The first
central identity was discovered by Formanek [26] and was immediately followed
by Razmyslov [26]. Formanek’s identity is mentioned in Goldies survey in this
issue, and we recall the extension of his construction as given in [27].

Let f[€1, 85 Ener] = X %&1'¢3% -+, &4y’ be apolynomial in n + 1 com-
mutative indeterminates; we transform f[£] into apolynomial in non-commutative

plx v yal = X QX" V1% Y25+, Vax ", and we get also the polynomial
q; by summing up the cyclic permutations of the y’s

qf[xvyl, "'ayn] =

P03 V1 Vs s ¥ad + PA[X3 Vas V1o ooy Yuead + o 4 DX, 925 93,0 Y 94
Properties of f[£] yield the following properties of the non-commutative poly-

nomials:

(8a) If f[£] = O whenever ¢; = £; then M,(F) satisfies the identity

pf["d’u)’z,”',y,.] = 0.

(8b) If f[£] =0 when ¢ = ¢ for all pairs (i,j) # (1, n + 1) (i # ) then
M,(F) satisfies: pg[x, 1, ValX = xp[x,y1,ya] = 0.

(8c) If f[¢] =0 when & =¢; for all pairs (i,j)) # (1,n+1) and for
(,)) = (1, n+1) f[¢] becomes a symmetric polynomial in ¢&,,---,&, then
g [x: y1,»¥a) is a central identity.

V1, ++¥a] = F[x,y] is the Formanek central polynomial. The explicit form of
this identity up to a + sign is:

n
(9) F[)C,y] =+ X z [Sg(v)sg(u)]xv1yi+lxvz+ll1 y;+2x”’+“2 cor xVthn
i=1 ()

y'n+ﬂn-lxl‘n
where the sum ranges over all permutations (vy, -+, v,), (i1, - +,#,)0f (0,1,2,.--,n—1.)
This follows from the fact that fo[&¢] can also be written in the form

+ 1 &-¢) II &-¢»

= 25igjsnt1

which is up to a sign the product of two Vandermond’s determinants;
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1 1 o1 1 1 1
tf[1= |0 G s s s b
l agtogt gt g togt el

3 sg(EPET & X sg(u)ehes - Enntehn
(v) (1)

I [sg0sg(Jerer g ey
v)(n

which yield the polynomial q,[x;y,, -, y,] = F[x;y] given in [9].

One can replace fo[¢] by any product g[¢y,-+,&,]fo[£] where g[&y, -+, &,]
is a symmetric polynomial, then there exists a relation between g, and gq,:
4,50[%, Y] = g(x)q,[x,y] with g(x) a scalar whose value is g[a,, -+, ®,] where o,
are the characteristic roots of x . With this property we can get many new identities
for M,(F) following the method described preceding (6b). In particular, if
g1, »gn+1 are any n+ 1 symmetric functions, then there is a polynomial
Plg(,92,+,Gn+1] = 0. Let P[&,,&q,+++,&,] be the homogenized polynomial
obtained from P[¢], then noting that g, [x;y] = gi(x)gs,[x;y], we get the
identity:

&) Pla,[%; ), G %5 915 g s rsol X3 93] = 0.

If s = 1, 54, -+, 5, are the basic symmetric functions and set ¢,[x, y] = g, 0
then the Cayley-Hamilton theorem yields that X 3(—1)s;x"~! =0 and hence
the following identity of M,(F):

(10) d6 = 47,[% yIx" — @i [x;y]x" 1 + - + (= 1)'q[x; ] = 0.
where G =f0[€17""€u] H?=1(€u+l -£&).
Next we review Razymslov central identity [26] which has the advantage of

being multilinear. Let yy, -+, Yu2;X1X5, - Xau2—1) and let z; = [x5_1,%3]
i =1,2,.-,n—1, then the Razsmylov identity is the polynomial:

n2
(11) R(Z§Y) = kzl (k)z z(sgo')J’kZa(hH)J’H1za(k+z)"'Za(nl)ynzza(1)J’1"'Za(k—1),Vk—1
=1 o(k)=n

where ¢ ranges over all permutations of (1,2,--,n?) and the monomials start
with the index k = o~!(n?). Razymslov proves that R(z; y)isa central polynom-
ial; a simplified proof was given by Markov. It is interesting to note that there
is a relation between R(x;y) and the generalized standard identity:
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n
R(x;y) = ,.‘.Y‘l(—l)("z"”‘ykﬂ.z(zl,~-~,z,z-1,yk+1,~-,yu-2)yk-1-

To conclude this part on central identities we point out an observation by
Procesi that if p[x] is a central identity for M,(F) then p[x] = 0 is an identity
for M,_,(F). Indeed, if instead of substituting (n—1) x (n—1) matrices in p[x]
we substitute n x n matrices with zeros in the last row and last column. This
will yield a scalar matrix with zero in the (n, n) place and hence p[x] = 0.

7. Generators for M,

The minimal identity in .#,—the set of identities of M,(F) is the standard
polynomial S,,[x]. Leron (thesis, 1970) proved the identities of degree 2n + 1
are consequences of S,,[x], i.e., they belong to the T-ideal generated by S,,,
but nevertheless M, is not generated as a T-ideal by S,,. In fact, we are going
to prove:

The polynomial S, [y,xy, =+, x"y]y~" of (3) does not belong to the T-idea
generated by S,,[x] for n 2 2.

Indeed if it were not the case then: S,. [y, xy, - x"yly-! = ZXa[x;y]
- Sy.[my, my, - my, 1 b[x,y] and we may assume that m;’s are monomials
x"y¥1x"3... and each product aS,,b is a non zero polynomial in the ring of poly-
nomials F[x, y]. Furthermore, the fact that ., is homogeneous implies that we
can assume that the degree of each term in x and y respectively are the same,

i.e., of degree n in y and of degree (;) in x. This means that at least n of the

monomials m; will not have a y in them and so they are powers x‘. The total

degree of n different powers of this type is = (;) and so the rest of the m; will

be powers of y, but as the total degree in y is n and n = 2 we must have all
m; = y, and hence aS,,b is a zero polynomial as §,,[m;] has at least two equal
entries m; . But this contradicts the assumption that none of these terms are zeros.

It is trivial to show that # is generated as a T-ideal by the commutative low
Xy, X5 — X,X;, and recently Razmyslow has proved [29] that the ideal .#, of
the identities of yhe 2 x 2 matrices over a field of characteristic zero has a finite
basis.

8. Rational identities for M,(F)
In the previous sections we dealt with polynomial identities obtained only by
the ring operators. If we allow taking inverses, we get additional rational identities
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P. J. Albada (thesis, Utrecht, 1955) shows that the quaternions and hence matrix
ring M,(F) satisfy identities like:

(12)  [xyx=ty=' + yxy~x=hx] = 05 x[xy]~'x[xy] — [xy]~'x[xy]x = 0

One can obtain other rational identities by identifying elements in the ring of
quotent of ring of generic matrices. Thus, if p[x]g[x]~' is a central element,
one gets an identity like pg~'z — zpg~! = 0. It was shown in [22] that a rational
identity which holds in all finite matrices M,(F), for infinite F, are those and
only those which hold for all division algebras over F and there are such non-
trivial. But for polynomial identities, N .#,= 0 and no such polynomial identity
exists. Another difference between the polynomial and rational identities is that
M,_, > M, for polynomial identity, but (not as stated in [22]) it fails for rational
identities. Bergman has recently given [28] a rational identity which holds for
3 x 3 matrices and does not hold for 2 x 2 matrices:

Let y’' = yx — xy, the following is Bergman rational’s identity

(yIZ)I
(yl—l)l

(13) 6(»)6(y"6(y"~H8(y“~") = B(x,y) where 6(y) =

9. Identities of subalgebras of M,(F)

We conclude this survey with the interesting observation that identities can
serve to distinguish between M,(F) and its proper subalgebra. The result we
quote is:

A subalgebra S = M(F) is # M,(F) if and only if it satisfies a polynomial
identity which does not hold in M(F), ie. ¢ #,.

The result is a simple consequence of the fact that if S & M,(F), then S/N
is a direct sum of simple central algebras of dim < (n—1)%, where N = N(S)
is the nilpotent radical of S. Hence, S/N will satisfy all identities of #,_;. Now
N is a nil subalgebra of M,(F)then N" =0, and, consequently, S satisfies all
polynomials of .#,_,. In particular,

(14) SUbu[x] = Syn-2[X11s 70 %y 2n—2]S2n—2[x21""’x2 2]
S2n—2[xn1""’xn2n—2] =0

is an identity in 7_, but does not belong to ,; indeed, since F[x]/.#, is
a domain and Sub,[x] € 4, then S,,_,[x] € #, which is impossible. The con-
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verse is trivial, if S © M,(F) satisfies an identity ¢ #, and it is a subalgebra of
M,(F), then it cannot be = M,(F).
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